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Abstract 

The possibility of quantum transmission of information via the induced fractional 
angular momentum by the Aharonov - Bohm vector potential is revealed. Its special 
advantage is that it is noiseless: Stray magnetic fields of environments influence the 
energy spectrum of the ion, but cannot contribute the fractional angular momentum 
to cause noise. 

Quantum teleportation [lH3] allows the quantum state of a system to be transported 
from one location to another, without moving through the intervening space. One of its 
main problems is how to reduce noise which originates from couplings of the system with 
uncontrollable environments, though several ways to reduce noise have been designed. In 
this paper by means of the Aharonov-Bohm (AB) effect [H [5] we show the possibility of 
quantum transmission of information via this effect. 

The AB effect is purely quantum mechanical phenomenon which has been received much 
attention for years [OHS]. Experiments [TUHT3] showed that the interference spectrum of 
charged particles in a multiply connected region of the space, where the field strength is zero 
everywhere, suffered a shift according to the quantum phase, i.e. the amount of the loop 
integral of the magnetic vector potential around an unshrinkable loop. It is noticed that 
the AB effects is due to the non-trivial topology of a multiply connected region of the space 
where the magnetic field strength is vanishing [8j. There are lots of works concerning the 
fractional angular momentum: Investigated from crossed electric and magnetic fields [71 [Ti]: 
Concerned in AB dynamics and their fractional statistics (see the reviews [T5H20] and 



references therein); Originated from Spatial noncommutativity [21]; and in connection with 
the quantum optics [22j. Recently a "spectator" mechanism [23] of an induced fractional 
angular momentum on ions of the AB vector potential was revealed. The "spectator" 
mechanism shows that when there is a "spectator" magnetic field the AB vector potential 
in the well defined limit induces a fractional angular momentum at the full quantum 
mechanical level. This opens a new way of the quantum transmission of information which 
is investigated in this paper. The special advantage of this type of the transmission via 
the AB effect is that it is noiseless. Stray magnetic fields of environments influence the 
energy spectrum of the ion, but cannot change the fractional angular momentum to cause 
noise. This effect explores far-reaching consequences of the vector potential in quantum 
theory: The vector potential itself has physical significant meaning and becomes effectively 
measurable not only in shifts of interference spectra originated from quantum phases but 
also in physical observables. 

We consider three regions in the {xi,X2) plane. (1) A circle I of radius ao is centered 
at the origin of the coordinates. A homogeneous magnetic field B'-^^ along the 2;-axis 
is concentrated inside the circle I: Inside the circle (po = (xf + x^Y^"^ < oq) B^^^^ = Bq, 
(Po ^ Cio) Bquj = 0. The corresponding vector potential A^^^ is (Henceforth the summation 
convention is used): Inside the circle (po < Oo) = —BoeijXj/2, Af^^^ = 0; Outside 

the circle (po > cto) 

= -Boaf-I^ (z, J, k = 1, 2), Afl, = 0. (1) 

A|,°^( is a vector potential of the AB type. At po = Oq the potential A^^^^ passes continuously 
over into A^-^''. (2) A circle II of a radius is centered at the point C of coordinators 
xc = (xc,0,0). Here xc, clq and Oc satisfy xc > do + clc- Inside the circle II (pc = 
[(xi — xcY + x"^^/"^ < Oc) there is a homogeneous magnetic field B\'i^^ = Be along the z - 
axis, and outside the circle II (pc > a^) 'B^olt = 0- The corresponding vector potential A^'^) 
is: Inside the circle II (pc < flc) aI'^- = —Bceij{xj — X(7j)/2, AfJ^^ = 0; and outside the 
circle II (p^ > Oc) • = -Bcaleij{xj-xc,j)/2pl k = l, 2), A^^J^^^ = 0. At the circle II 
(Pc = etc) the potential A^^^^ passes continuously over into A-^-*. (3) An intervening region 
III is an area outside the circle I and II where the coordinates (xi,X2) of a point P satisfy 
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both conditions po > 0,0 and pc > Oc- In the region III the mag netic fields B(°) = B^^) = 0, 



but there are two vector potentials of the AB type: A),„j and 



(0) 



out' 



Induced Fractional Angular Momentum by the AB Vector Potential We 

consider an ion with mass fi and charge q{> 0) constrained in the circle II where the vector 
potentials are a['^- and A^^^^-. In the following in a['^^ we don't consider the constant term 
Bc^ijXcj/2 which can be gauged away by a gauge transformation A'i'^- — > A['^- + diX = 
— BctijXj/2 with X = —Bc€ijXiXcj/2. The Hamiltonian of the charge particle is 

H{xi, X2) = ^ + ^f^^cf^ijXj + '"^o^o^^^ ) (2) 

where Uc = qBc/ pc and uq = qBo/pc are the cyclotron frequencies corresponding to, 
respectively, the magnetic fields B^^^"* and B.^"*. This Hamiltonian can be rewritten as 
H{xu X2) = {Kf + Kl) /2/i where 

1 6 ' 'X ■ 

Ki=pi + -pUceijXj + puoal^^, (3) 

is the mechanical momenta corresponding to the vector potentials A^^^- and A^^J^f.^. The 
commutation relations between Ki^s are 

[Ki,Kj] = ihpuceij. (4) 

One point that should be emphasized is that the AB vector potential A^^J^^ ■ does not 
contributes to the commutator [Ki,Kj]. In the above pi = —ihd/dxi are the canonical 
momenta, which satisfy = 0. They are different from the mechanical momenta Ki. 

We define canonical variables Q = Ki/ puj^ and 11 = K2- They satisfy [Q,n] = ih5ij. The 
Hamiltonian H{xi, X2) is rewritten as one of a harmonic oscillator, H{xi, X2) = H{Q, H) = 
n^/2/i + pulQ"^ /2. Its eigenvalues are £n = hojcin + 1/2). The lowest one is £q = huc/2. 
From the lowest eigenvalue Sq we estimate that the size Oc of the circle II should satisfy 

1 /2 

Oc > (ch/qBc) . 

It is worth noting that Af^^ • does not contribute to energy spectra. 

The limiting case of the Hamiltonian H in Eq. ([2]) approaching its lowest eigenvalue 
is interesting. In this limit the system has non-trivial dynamics [2U[2S]. The Lagrangian 
corresponding to H is 

1 . . 1 . 2^'i-j'^i'^j i'r\ 

L = -pXiXi - -pUceijXiXj - pujQa^ . (5) 



In this limit the Hamiltonian H reduces to Hq = huJc/2. The Lagrangian corresponds to 
i^o is 

Lo = --jJUJceijXiXj - yucjoao-^l^ " 2^^"- 
Constraints - For the reduced system {Hq, Lq) the canonical momenta are 

^"^~d^^ --/ia;,e,ja;j- - ^iuJo%^. (7) 

Eq. ([7]) does not determine velocities Xi as functions of Pi and Xj, but gives relations 
among p^'s and x/s. According to Dirac's formalism of quantizing constrained system, 
such relations are the primary constraints [25l [26] 

'fi=Pi + -iiuJcUjXj + fxujoal-^ = 0. (8) 

These constraints should be carefully treated. The subject can be treated simply by the 
symplectic method in [271 [28]. this paper we work in the formalism of the Dirac brackets. 
The Poisson brackets of the constraints ([8]) are 

Cij = {(pi, ^Pj} = fiUJceij. (9) 

From Eq. Q), {(pi,(pj} ^ 0, it follows that the conditions of the constraints pi holding at 
all times do not lead to secondary constraints. 

Cij defined in Eq. dHD are elements of the constraint matrix C. Elements of its in- 
verse matrix are (C^^)jj = —eij/puj(.. The corresponding Dirac brackets of {(pi^Xj^D, 
{ipi,Pj}D, {xi^Xj}D, {'Pii'Pj}D and {xi,pj}D can be defined. The Dirac brackets of pi with 
any variables Xi and pj are zero so that the constraints ([8]) are strong conditions. It can be 
used to ehminate dependent variables. If we select Xi and X2 as the independent variables, 
from the constraints ([HD the variables pi and p2 can be represented by, respectively, the 
independent variables X2 and xi as 



1 2 1 2 ^1 

■-flUJcX2 - ■■ • " ™ „ 

The Dirac brackets of Xi and X2 is 



Pi = --llUJcX2 - fiUJottQ—^, P2 = -fiUJcXi + fiUoaQ—^ (10) 

z zpq z zpq 



{Xi,X2}d = ■ (11) 
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We introduce new canonical variables q = xi and p = jj,uJcX2- Their Dirac bracket is 
{(1jP}d = 1- According to Dirac's formalism of quantizing a system which is associated 
with a number of primary constraints, the corresponding quantum commutation relation 
is [q,p] = ih. 

Angular Momentum of the Reduced System - The Hamiltonian H in Eq. ([2]) possess a 
rotational symmetry in {xi,X2) plane. The 2;-component of the orbital angular momen- 
tum Jz = eijXiPj commutes with H. They have common eigenstates. Now we consider 
the quantum behavior of the angular momentum in the reduced system {Hq,Lo). Using 
Eq. (fTOj) to replace pi and p2 by, respectively, the independent variables X2 and Xi, then 
using new canonical variables p and q to replace X2 and xi, the orbital angular momentum 
Jz is rewritten as 

Here $0 = t^cloBq is the flux of the magnetic field inside the circle I which comes 
from the second term of pi and p2 in Eq. ffTOl) . That is, $0 is only contributed by the AB 
vector potential A^^^^ in Eq. ([1]). We introduce an annihilation operator A = a/ fiuJc/2h q + 
i\Jl/2Ti^Uc p and its conjugate one A'^ . The operators A and A'^ satisfies [A, A'^] = 1. The 
eigenvalues of the number operator N = A^ A is n = 0,1,2, ■ ■ ■ . Using A and A'' to rewrite 
Jz, we obtain Jz = q^Q 12710 + fi (^A^ A + 1/2) . The zero-point angular momentum of Jz is 
Jq = h/2 + g$o/27rc. In the above the term 

Jab = 7^$o (13) 

is the fractional zero-point angular momentum of the ion [29] induced by the AB vector 
potential A^'^''^. The magnetic flux $0 can be continuously changed. This leads to Jab 
taking fractional values and the ground state of the angular momentum being infinitely 
degenerate. 

We notice that two vector potentials a['^ and A^^^^ play different roles: A^'^ contributes 
to energy spectra, but does not contribute to the fractional angular momentum Jab', On 
the other hand, A[,°^^ does not contribute to energy spectra, but contributes to Jab- 

One point that should be emphasized is that Jab is only contributed by the the AB 
vector potential A^^j in Eq. ([1]). The structure of A^^^^ is special. Any other types of vector 
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potentials cannot contribute to Jab- 

It can be proved that the fractional zero-point angular momentum induced by the AB 
vector potential cannot be gauged away by a gauge transformation [23j. It is a real physical 
observable. 

Dynamics in the Intervening Region - In this region the magnetic fields B^^ ^ = 
^^aat = 0) but there are two vector potentials of the AB type ^4^,°^^ and A^^l^ ^. The Hamil- 
tonian of an ion in this region is H{xi,X2) = (^Kf + -ft'l^ where Ki is the mechanical 
momenta 



The Lagrangian corresponding to H is 

L = -fiXiXi - iJ,uJo% ' 2 - fJ-uJca^— ^ — (15) 

The KiS commute each other 

[K,,K,]=0. (16) 

Behavior of H is similar to a Hamiltonian of a free particle. Its spectrum is a continuous 
one. 

We emphasize again that vector potentials A^^ ^ and A^^J^ of the AB type do not con- 
tributes to the commutators between Ki's. This does not lead to they contributing to 
energy spectra of charged particles either. 

We consider the limiting case of H approaching to some constant energy Sk- H ^ 
Hq = Sk- The Lagrangian corresponding to Hq is 

Lo = -nuJottQ ' 2 - fiuj^a^^ ^ - tk. (17) 

^Po ^Pc 

From Lo it follows that the canonical momenta is 

P. - ^ - -P^oao^ - P^ea. . (18) 

Eq. f|T8l) does not determine velocities Xi as functions of pi and Xj, but gives the following 
primary constraints 



iPi=Pi + nuottQ^^ + jjujca^ ' ^ — ^ = 0. (19) 

■^Po ^Pc 
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,€ij(^Xj X(jj^ 



Here the special feature is that the corresponding Poisson brackets between y^j's are iden- 
tically zero, 

C,j = {^u^j} = Q. (20) 

Because of {(^j, (^j} identically vanishing, it follows that the conditions of the constraints 
(pi holding at all times lead to secondary constraints (pf* = —fiujpXi. The Poisson brackets 
{(f'i^'^\ (fj} = 0, V^i''^^} = 0) {(pi^'^\Ho} = 0, so that persistence of the secondary 

-(2) (3) 

constraints (p\ in course of time does not lead to further secondary constraints (p] . 

Because of Cij = 0, the inverse matrix C^^ does not exist. The Dirac brackets {(fi, Xj}D, 
{Vi,Pj}D, {'Pi^'^\xj}D, {'pi^'^\pj}D, {xi,Xj}D, {Pi,Pj}D, and {xi,pj}D cannot be defined. 
According to Dirac's formalism of quantizing a system with constraints, there is no way to 
establish dynamics at the quantum mechanical level. 

Properties of the AB vector potentials in the intervening region is summarized as fol- 
lows. The intervening region is multiply connected. As is well known, due to the non-trivial 
topology in this region, the interference spectrum of charged particles suffered a shift ac- 
cording to the quantum phase, i. e. the amount of the loop integral of the AB vector 
potential around an unshrinkable loop. But unlike in the region II with a "spectator" 
magnetic field, in the intervening region the two AB vector potentials do not contribute to 
physical observables: 

(i) The AB vector potentials y4^° ^ ■ and A^^^^. ■ appear in the mechanical momenta Ki of 
Eq. f|T4|) and the corresponding Hamiltonian H, but do not contribute to the commutators 
between Ki^s. Therefore, they do not contribute to the energy spectrum. The spectrum of 
the Hamiltonian if is a continuous one of a free particle. 

(ii) In the limit of the Hamiltonian H approaching some constant the system has not 
a non-trivial dynamics survived at the full quantum mechanical level. Therefore, the two 
AB vector potentials A^'^''^ and A^^^^ cannot contribute to the fractional angular momentum 
J^AB by means of the constraints (^j's of Eq. (fT9ll . 

Quantum Transmission of Information via Aharonov - Bohm effect Now we 
elucidate the application of the above results in the quantum transmission of information. 

The situation in the circle II is different from the intervening region because of the 
"spectator" magnetic field B . The vector potentials Aj„ guarantees that in Eq. ([9]) the 
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Poisson brackets of the constraints are well defined, which lead to a non-trivial dynamics 
surviving at the full quantum mechanical level in the limit of the Hamiltonian approaching 
its one of eigenvalues. The vector potential Ao^^ does not contribute to energy spectra, 
but in this case it contributes to the fractional angular momentum Jab by means of the 
constraints y^j's. It is clear that though the vector potential A , like a "spectator", does 
not contribute to Jab-, it plays essential role in guaranteeing non-trivial dynamics at the 
quantum mechanical level. 

If at a moment t we adjust the magnetic field B-°'*(t) in the circle I, though the magnetic 
field Bo°^( is zero outside the circle I everywhere. According to the continuous condition 
of vector potentials, Af^ passes continuously over into A^^ ^ on the boundary between the 
circle I and the outer region. At some later time t + T a fractional angular momentum 
JAB{t + T) induced by the AB vector potential A.^^^^{t + T) in the circle II will be changed 
correspondingly. Information encoded in variations of B.^"* in the circle I is transmitted, 
moving through the intervening region III, to Jab in the circle II. 

One point that should be emphasized is that this type of quantum transmission has 
to satisfy the following condition: In the limit of the Hamiltonian H approaching one 
of its eigenvalues there is non-trivial dynamics survived at the full quantum mechanical 
level. Here "the full quantum mechanical level" means that in the defined limit the re- 
duced system can be quantized according to Dirac's formalism of quantizing a system with 
constraints. Information encoded in A^^^ moves through the intervening region HI, but 
cannot be received by an ion in this region. The reason is: because in the region HI in the 
defined limit the reduced system cannot be quantized according to Dirac's formalism of 
quantizing a system with constraints. Thus there is no way to establish dynamics at the 
full quantum mechanical level. Therefore, the vector potential A^'^^^ cannot contribute to 
the fractional angular momentum Jab by means of the constraints (piS of Eq. f|T9l) . Such 
an intervening region may be called the blind area. 

A special advantage of this type of transmission via the AB vector potentials is that 
it is noiseless. It is true that no quantum systems really isolated, and the coupling to the 
uncontrollable environments produces noise. Here the point is that the fractional angular 
momentum Jab is contributed only by the second term of Eq. (fTOj) , which is related to the 
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AB vector potential A^J^^^ of Eq. ([T]). Generally, stray magnetic fields of environments very 
both in space and time. Their vector potentials are not the AB type of Eq. (flj). Therefore, 
they cannot influence the J^ab- Specially, the stray magnetic fields in the circle I and 
Bs in the II of environments add, respectively, extra terms in Eq. (jlOl) which are related 
to the vector potentials ^4^''^^' and A^^j. These terms contribute to the energy spectrum of 
the reduced system in the required limit, but they do not infiuence the J^ab- Another 
point that should be clarified is that there is no energy transmission via the AB vector 
potential from the circle I to the circle II. Alternating electromagnetic fields induced by 
variations of B^-^'' in circle I transmit energy and interact with environments. However, 
vector potentials of alternating electromagnetic fields are not the AB type. They cannot 
infiuence J'ab either. The quantum transmission via vector potentials of the AB type is 
not infiuenced by stray magnetic fields of the uncontrollable environments and so on. It is 
noiseless. 

The above investigation opens a way of quantum transmission of information via the 
AB effect, leads to new experimental studies and technological applications. We expect 
results obtained in this paper to be of importance for the current efforts in the field of 
quantum communication. 

This work has been supported by the Natural Science Foundation of China under the 
grant number 10575037 and by the Shanghai Education Development Foundation. 
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